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The Hubble parameter is a critical measurement in cosmology, which contains the most direct
information of the cosmic expansion history. Since discrepancy is found between low redshift and
high redshift estimations of Hubble constant, we are interested in whether that tension indicates
dynamical dark energy. In this paper we emphasize that the observed Hubble parameters at various
redshifts, along with observed Hubble constant, can help us in probing the evolutional behavior of
the mysterious dark energy. Null hypothesis tests are carried out with two diagnostic approaches.
We find out that, according to the present measurements of Hubble parameters, rejection of constant
dark energy is captured at 1σ level from null tests with and without the observed value of Hubble
constant.
I. INTRODUCTION
The Constant Dark Energy Cold Dark Matter model
(ΛCDM) — which is more usually called the concordance
model or the base model — has well fitted a variety of
observations, proving that it is one of the most beautiful
models in a mathematical view. Despite of its success-
fulness, we should admit that we still lack clear under-
standing of two main components in the Universe — dark
matter and dark energy. In order to gain more knowledge
of the mysterious dark components, we have to constrain
the parameters in proposed models with more observa-
tional data. We are quite confident that the cold dark
matter model satisfies the requirements for the appear-
ance of the large scale structure we observed at present,
while we are not at the same level of confidence about
whether the dark energy is truly a cosmological constant
Λ. The useful results we had captured were almost all
pointing to constant dark energy term with equation-of-
state (EoS) parameter w lies around −1. Lately, several
researches have found indirect clues for dynamical dark
energy from its reconstructed EoS [1] or from the discrep-
ancy found between low-z (HST) and high-z (Planck)
Hubble constant estimations [2, 3], which has been a
hotspot in cosmology research.
We approach in a model independent way to investi-
gate that tension via non-parametric methods (the orig-
inal null test and improved one) to check the validity
of the concordance model. Observed Hubble parame-
ter Data (OHD (Tab. I)) which is different from SN and
CMB measurements is adopted. Independent analysis
with OHD alone or joint analysis of OHD and Hubble
constant (HST [3]) are both carried out.
The null hypothesis test — the null test for short
— is a complementary test for the conventional model
constraints with observational data [7]. Since null tests
rely on data (and statistical methods if necessary) di-
rectly, they are useful in giving independent judgements
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about the validity of the proposed models. Previous re-
searches focused on testing null hypothesis with OHD,
BAO and SN data-sets, and also with different statis-
tical approaches, ie., Gaussian processes (GP) [4] and
goodness of fit (GoF) criterion combined with princi-
ple component analysis (PCA) [6]. The observed Hub-
ble constant was not usually emphasized in the previ-
ous work in probing dark energy, especially in null tests,
since its function was usually considered as a normal-
ization factor when converting h(z) into the dimension-
less Hubble parameter E(z) = h(z)/h0. In this pa-
per we define H(z) = 100 · h(z) km · s−1 ·Mpc−1 and
H0 = 100 ·h0 km · s
−1 ·Mpc−1 for convenience, and esti-
mation error of observed Hubble constant value will also
be included. We also carried out two point diagnostic
function [9] which enable us to conduct null tests with
OHD independently.
According to the Refs. [4–6], the precision of a null test
becomes lower when we require higher order of derivative
value of data. Meanwhile, concerning about the quantity
of the present OHD samples, the results of null tests un-
der the assumption of flat space metric is more convinc-
ing than those under the assumption of curved space. We
conduct both parameter constraints and null tests in the
flat RW metric and with the same data-set, so the results
provided by two approaches can be compared.
This paper is arranged as follows. We list the samples
of Hubble parameter data-set in section II, besides which
conventional parameter constraints on ΛCDM is carried
out with OHD independently. The null hypothesis tests
using Hubble parameter with and without Hubble con-
stant are conducted in section III. General discussions
are given in the final section IV.
II. SAMPLES
In flat RW metric, we can describe the ΛCDM as
E2(z)ΛCDM = [Ωm(1 + z)
3 + (1− Ωm)], (1)
where Ωm, the dimensionless matter density at present.
We neglect the radiation component, since the ratio
2of radiation among the energy constituents is as small
as about 10−5 at low redshift. Chi-square analysis is
adopted for parameter constraints which is described as
χ2h = [
h(z)obs − h(z)model
σobs
]2, (2)
where h(z)obs and σobs are given by OHD listed in Tab. I.
The numerical methods adopted here are discussed in
Ref. [10].
Different research groups have given their observation
results about the Hubble constant [2, 3, 11–13]. In this
section we adopt the value of h0 from HST for the joint
analysis of Hubble constant and Hubble parameters.
In terms of OHD, we have included the latest results of
Hubble parameter measurement. The combined OHD set
is listed in Tab. I, where most of the observed data points
([14–17]) are given by “cosmic chronometers”, which of-
fers a measurement of the expansion rate without relying
on the nature of metric between the chronometer and ob-
server. The Hubble parameters at different redshift are
estimated independently from any cosmological models,
by using age differences of old elliptical galaxies that are
passively evolving [23].
The Hubble parameters estimated from galaxy sur-
veys such as Wiggle-Z [18] and SDSS [19–21] are usually
more or less affected by the concordance model (ie., us-
ing distance prior from CMB) assumed at the first place.
In this paper, we include the most model independent
data [20, 21] where Hubble parameters are estimated
without adopting a dark energy model or priors form
CMB data.
For the concordance model, we capture the marginal-
ized constraints on the Hubble constant given by OHD
alone is h0 = 0.679±0.021 at 1σ level, which is consistent
with HST’s and Planck’s results within 1σ, as shown in
Fig. 1; while the result of HST (h0 = 0.738 ± 0.024) is
discrepant with Planck’s estimation (h0 = 0.673± 0.012)
at around 2.5σ level [2], and the discrepancy between
two measurements reaches 8.8% and 9.7% with respect
to Planck and HST separately.
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FIG. 1: Likelihood distribution of Hubble constant from HST,
Planck and OHD separately, where the results given by Planck
and OHD rely on the concordance model.
The results from parameter constraints are sensitive to
the cosmological model assumed at the first place, espe-
TABLE I: Observational Hubble parameter Data set used in
this paper.
redshift h(z) 1σ error Ref
0.100 0.69 0.12 [14]
0.170 0.83 0.08 [14]
0.270 0.77 0.14 [14]
0.400 0.95 0.17 [14]
0.900 1.17 0.23 [14]
1.300 1.68 0.17 [14]
1.430 1.77 0.18 [14]
1.530 1.40 0.14 [14]
1.750 2.02 0.40 [14]
0.480 0.97 0.62 [15]
0.880 0.90 0.40 [15]
0.1791 0.75 0.04 [16]
0.1993 0.75 0.05 [16]
0.3519 0.83 0.14 [16]
0.5929 1.04 0.13 [16]
0.6797 0.92 0.08 [16]
0.7812 1.05 0.12 [16]
0.8754 1.25 0.17 [16]
1.037 154 0.20 [16]
0.07 0.690 0.196 [17]
0.12 0.686 0.262 [17]
0.20 0.729 0.296 [17]
0.28 0.888 0.366 [17]
0.57 0.876 0.072 [20]
0.35 0.813 0.038 [21]
cially the dimension and character of parameter spaces.
In order to complete the analysis with observed Hubble
constant and Hubble parameters, null hypothesis tests
which are independent of any cosmological model are car-
ried out in the following section.
III. NULL TESTS
A. tests with smoothed data
The general Friedmann equation with cold dark matter
in flat RW metric reads
h(z)2
h2
0
= Ωm(1 + z)
3 + (1−Ωm) exp [3
∫ z
0
1 + w(z′)
1 + z′
dz′],
(3)
where w(z′), the equation-of-state (EoS) parameter of
dark energy. Radiation is also neglected as we discussed
above.
The EoS parameter of dark energy can be expressed as
w(z) =
2(1 + z)EE′ − 3E2
3[E2 − Ωm(1 + z)3]
, (4)
3where E′ = dE/dz. Since we have no cosmological model
independent measurement of parameter Ωm, the recon-
struction of EoS of dark energy as Eq. (4) from astro-
physical data is not reliable. Null tests are proposed as
a solution which are expected to test the redshift depen-
dency of dark energy with the null hypothesis that the
dark energy is not dynamical [7]. The corresponding di-
agnostic function thus reads
Om =
E2 − 1
z(3 + 3z + z2)
. (5)
The null hypothesis is true only if Om remains as a con-
stant in the redshift range covered by data.
Since we conduct the tests from observational data
with estimation errors, the error of data will be trans-
ferred to Eq. (5), then the conclusion of the tests are
weighted by their corresponding possibility (or the con-
fidence level). We should emphasize that the null-
hypothesis test is different from the Bayesian analysis
for constraining parameters. Following Fisher’s frame-
work [8], the null hypothesis is potentially rejected or
disproved on the basis of observational data rather than
accepted. Thus in our work, we specify at which level
the constant dark energy model is rejected.
The first order derivative of Eq. (5) which performs as
an equivalent test but is more illustrative reads
Lm =
1
(1 + z)6
[3(1 + z)2(1−E2) + 2z(3+ 3z+ z2)EE′],
(6)
where the factor (1 + z)6 is introduced in order to sta-
bilise the errors at high redshift without affecting the
consistency condition [4]. The null hypothesis is re-
jected when the independently constructed Eq. (6) de-
viates from zero. In the previous researches, different
approaches have been carried out in order to seek robust
estimation about the validity of the null hypothesis of
dark energy.
In Eqs. (5) and (6), the observed value of Hubble con-
stant — acting as a normalization factor — is necessary,
the error and mean value of h0 should be considered in
order to giving convincing diagnoses.
We notice that the parameter space of ΛCDM model
can be expressed by {Ωm, h0} or {Ωmh
2
0, h0}, thus in the
parameter space {Ωmh
2
0, h0} we can carry out null hy-
pothesis with a diagnostic function which is equivalent
to Om as
D1 =
h(z)2 − h20
z(3 + 3z + z2)
, (7)
for emphasize the role of h0 in null tests using observed
Hubble constant. The new diagnostic function can be
reconstructed without normalizing h(z) by h0.
The result of D1 using GP method according to
HST+OHD data-set is displayed in Fig. 2, where devia-
tion from constant value is detected in the 1σ simulated
region of D1, indicating that constant dark energy model
is rejected at around 1σ level.
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FIG. 2: Diagnostic function D1 with 1σ (dark blue) and
2σ (light blue) confidence limits of distribution given by
HST+OHD, using GP method (which is introduced in
Ref. [4]).
We should be careful about the strategy adopted for
reconstructing h(z) from data, since different statistical
methods may more or less lead to differences in smoothed
curves of h(z). We think that analysis based on raw
data seems to be more reliable for capturing convincing
diagnoses.
B. tests with raw data
According to the utility of the Hubble constant in
Eq. (7), we can replace h0 with the measured Hubble
parameter value at the corresponding redshift point un-
der the null hypothesis by
h(zi)
2 = h20[Ωm(1 + zi)
3 + (1− Ωm)], (8)
where zi represents an arbitrary measurement point in
the data-set (Tab. I). In the parameter space {Ωmh
2
0, h0},
we can express Ωmh
2
0 as
Ωmh
2
0 =
h(z)2 − h(zi)
2
(1 + z)3 − (1 + zi)3
. (9)
This expression suggests the improved diagnostic strat-
egy free from smoothing h(z) through observational data,
which is originally introduced in Ref. [9] as the two point
diagnostic function:
Dij =
h(zj)
2 − h(zi)
2
(1 + zj)3 − (1 + zi)3
, (10)
where i 6= j, indicating two different OHD points. Func-
tion (7) can be recovered from Dij when we choose
zi = 0, so this diagnostic function Dij is a more gen-
eral form which enable us to choose arbitrary reference
points rather than h0 only.
Dij = Ωmh
2
0 indicates the concordance model. If the
new diagnostic function deviate from a constant, the va-
lidity of ΛCDM is in conflict with the present observa-
tions. For each two different data points {zi, zj} in OHD,
4Dij value can be estimated as a random variable with
probability distribution simulated by observational data.
We use the values of 1σ and 2σ limits to represent the dis-
tribution of each simulated value of diagnostic function
according to the corresponding data.
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FIG. 3: Upper panel: The complete 300 independent results
of Diagnostic function Dij with 1σ (solid) and 2σ (dashed)
limits generated from OHD. We rearranged the order of the
points in each line so they are displayed in a nicer way. If null
hypothesis is not deviated, then room for a constant should
be allowed within the upper and lower limits. Lower panel:
The 2σ limits of Dij without being rearranged.
According to OHD data-set, the full analysis of Dij
which contains 300 independent results (which are ex-
tracted from the 25 × 25 Dij result matrix) is displayed
in Fig. 3 (with current OHD-set). Each upper and lower
limit line consists of 300 independent values, the points in
each upper (lower) limit line are rearranged from the low-
est (highest) value to the highest (lowest) one. If the null
hypothesis is supported by this test, an allowed region for
constant value should exist from the full set of results,
otherwise the lower and upper limit lines will cross with
each other. We find that both 1σ and 2σ limit lines in the
upper panel of Fig. 3 cross each other. The 2σ deviation
from null hypothesis is caused by the data at z = 1.53 as
shown in the lower panel of Fig. 3, where the estimated
values suddenly fall to about 0.11 when zj = 1.53. The
1σ rejection is not relieved even after we exclude the 1.53
data point. This approach is much strict than previous
null test methods and parameter constraints using the
same data-set.
If we include observed value of h in this null test, ie.,
the HST results, we will obtain an extra column of Dij .
The extra results are shown in Fig. 4, where diagnoses
with both smoothing method and raw data are carried
out in order to provide comparisons.
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FIG. 4: the extra column characterized by zi = 0 of Dij
(we name it as D1d), with 1σ (solid) and 2σ (dashed) limits.
The dots represent the mean expectations and the colored
background shows the 2σ range of D1.
The rejection of constant dark energy at 1σ level from
the null test using Dij and raw OHD data with and with-
out HST is consistent with the other approaches carried
out in this paper. We should notice that in the current
work, the rejection of ΛCDM captured by Dij relying on
the assumption that the standard error of each data has
been well estimated and the error distributions are gaus-
sian. Our conclusions drawn from the tests are based on
the premise that we believe the adopted data is reliable.
IV. CONCLUSIONS
In this paper we investigated the possibility of the ex-
istence of dynamical dark energy according to Hubble
parameters, mainly through model independent null hy-
pothesis test. We picked cosmological model independent
data for the null hypothesis tests, and carried out two di-
agnostic methods [4, 9] with OHD and HST in order to
capture more robust results.
We adopted the improved the null test strategy
through this work with two point diagnostic function [9],
which can be carried out without reconstruction method
or relying on the estimation of Hubble constant as the
only reference point. The results from the null tests show
that constant dark energy is rejected at least at 1σ level
according to OHD with or without HST.
Finding an ideal probing method at present is not easy,
since each strategy has its own advantage and disadvan-
tage. Parameter constraining method is sensitive to pre-
sumed models, while null tests which requiring recon-
struction of h(z) depend on the smoothing method. The
two point diagnostic function seems to be able to offer
better performance even with low quantity of data-set,
but the conclusion is sensitive to the degree of confidence
we have in each data point.
Since no strong deviation from concordance model is
detected at 2σ level, more convincing evidences are re-
5quired if we hope to conclude that ΛCDM model is inap-
propriate in describing the basic features of the Universe.
For better and more decisive conclusion about the truth
of our universe, we are expecting more coming high qual-
ity observations at both high redshift and low redshift in
order to conduct the diagnostic tests and parameter con-
straints in different redshift ranges.
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